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Abstract:  A graduate student in the Buffalo State College Physics Education program while teaching high school mathematics develops a kinematics based Calculus lesson based on findings from the Physics and Mathematics Education community.  The lesson is designed as an interactive hands-on, small group activity recording the motion of an accelerating object.  Students are led to an appreciation for average and instantaneous velocity and acceleration of the object through graphical analysis and the limit function.  Emphasis is placed on the use of the derivative and average slope function.  The lesson is designed with little use of technology, and then followed up with the use of motion sensors detecting the same motion and analysis compared.  
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New approaches to teaching by inquiry being developed by the Physics Education community over the past two decades have made tremendous progress in advancing the conceptual comprehension of students in introductory physics courses. Through this new method of delivery, teachers engage students in interactive hands-on activities involving concrete observation and analysis in order to anchor abstract concepts to concrete observation in a familiar physical context.  Through a process of hands-on investigation and discovery, students dispel common misconceptions by experiencing phenomena for themselves.  Activities are designed to demonstrate basics principles of physics for direct observation by the students in such a way that the students can then make conclusions properly aligned with the language of physics. These courses do much to ease that anxiety of students taking introductory physics by removing most of the math from the curriculum to focus on the core observable concepts through the process of scientific investigation.  

At the same time, researchers in the Mathematics Education community find that interactive engagement is a powerful method to help anchor the abstract concepts of math. The National Research Council (NRC) and the National Council for Teachers of Mathematics (NCTM) each identify inquiry as an effective pedagogy for developing mathematics and science understanding.  
Since 1991, the NCTM’s Professional Standards for Teaching Mathematics has advocated for instruction that is inquiry-based and student-centered. (Richardson & Liang, 2007, p.2).  

Traditional physics courses rely greatly on students’ ability to conceptualize natural laws of motion through their understanding of mathematical functions.  But many students taking physics courses have not reached a point of mathematical proficiency to solve the sometimes complex computations, let alone gain insight from the mathematical behavior of functions (Stroup, 2005, p2).  While removing the math from these activities allows students to focus on physical observations and form accurate conceptual beliefs about the behavior of natural phenomena, a complete study must eventually incorporate a mastery of mathematics.  Many universities are now developing courses that link the physics and mathematics concepts through a common instructional technique.

The movement toward teaching Mathematics by inquiry comes from the measured improvement in conceptual understanding in science education, and inability of students to apply math skill to other subject areas.  Even students who excel in math courses have difficulty making the connection to the application in science and other classes, keeping those courses entirely separate from one another. (Tall, 1992, p.2)     

Most students taking introductory physics courses, whether it by in high school or college, have little experience working hands-on to manipulate a system of objects or using instruments for taking measurements.  Furthermore, they have little experience making concrete observations about everyday phenomena to comprehend mathematical representation of them.  (Laws, 1991, p 25).  In the same way that physics instructors are engaging students in hands-on activities and observations, mathematics instructors may enrich their lessons by engaging their students in real life observation and interaction with these applications.  

Dr. Allen Emerson of St John Fisher College in Rochester, NY teaches a course called Mathematical Explorations in the Sciences that engages students in inquiry based learning in mathematical modeling, and the discovery of fundamental mathematical relationships in scientific contexts. For example, in one activity, students explore how quadratic functions behave by collecting data on free falling objects and perform curve-fitting regressions using TI-83 graphing calculators.  Students prepare reports on their findings the same as a lab report in science classes, using TI software and Geometer Sketchpad (Nrayan, 1991).  This is a mathematics course where the basic concepts of both physics and chemistry are studied conceptually and mathematically.  

Typically, and especially in introductory courses, educators have not effectively emphasized the connection or taken advantage of the cross-curriculum opportunities of math and science.  An inquiry method of instruction can be used as a means to link to two courses and build the bridge between the two.  The potential benefits of the integration of computational problem solving skills into a physics course are high and sufficient experience has been gained to support departments and instructors who wish to make this change (Chabay & Sherwood, 2008, p. 307).  “The new approach in pedagogy aims to involve students in similar activities, and the same thinking processes as scientists and mathematicians working in the real word; true masters of their craft.” (Laws, 1991, pg2)  Activities should be followed by immediate feedback through discussion with peers and/or instructor, (Hake, 2007 p.25) as well as reflective journaling and feedback from instructor.  (Windchiti, 2000, p. 4).  These methods have been proven to yield higher pre to post test gains than traditional courses and students retain knowledge from these courses much longer.  (Hake, 2007, p. 26)
Calculus
Calculus is the elegant branch of mathematics, invented by Newton and Leibnitz for the purpose of studying Physics.  It follows that the natural setting for teaching this subject is in its applications in Physics,

Core concepts such as fluid motion and instantaneous rates are fundamental to both subjects.  These types of abstract concepts, such as the limit are what distinguish Calculus as a separate study from algebra.  Calculus challenges students to comprehend limits of time and instantaneous rates of change.  Activity based projects that are rooted in the context of physics, materializes these concepts for the mathematics student and helps make the connection between the two subjects.  Students must be engaged in active use of the concepts, linking concrete observations to abstract mathematical concepts. (Arons, 1997).  The NCTM and NRC standards clearly state that students should be engaged in activities demonstrating the use of math and science the promote understanding in these subjects.  (Richardson & Liang, 2007, p.3).
Computational activities can help students make the connections between, for example, the formalism of integral calculus and the procedure of adding up discrete quantities; a connection that is often not clear even to students who have taken one or more semesters of calculus.   (Chabay & Sherwood, 2008, p. 308).  
In a presentation to Mathematics Education Research Centre in 1992, David Tall of the University of Warwick identified a list of key difficulties students wrestle with when learning Calculus, similar to the difficulties encountered when studying physics.  

• difficulties embodied in the language; terms like “limit”, “tends to”, “approaches”, “as small as we please” have powerful colloquial meanings that conflict with the formal concepts,

• the limit process is not performed by simple arithmetic or algebra, infinite

concepts arise and the whole thing becomes “surrounded in mystery”,

• the process of “ a variable getting arbitrarily small” is often interpreted as an “arbitrarily small variable quantity”, implicitly suggesting infinitesimal concepts even when these are not explicitly taught,

• likewise, the idea of “N getting arbitrarily large”, implicitly suggests conceptions of infinite numbers,

• students often have difficulties over whether the limit can actually be reached,

• there is confusion over the passage from finite to infinite, in understanding “what happens at infinity”.

• difficulties in translating real-world problems into calculus formulation,
• restricted mental images of functions,

(Tall, 1992, p. 5)
Tall identifies problems in his Calculus education research, similar to those encountered in much of the Physics Education research.  Primarily, these are conceptual difficulties that are targeted in inquiry method of instruction.  This research finds that even students who perform well on traditional written exams may still harbor false conceptual beliefs on the behavior of physics. (Arons, 1997)  In his presentation, Tall states that students who do not reconcile this conflict between what they study and what they observe in their physical world may choose to keep the conflicting elements in separate compartments and never let them be brought simultaneously to the conscious mind., separating troublesome theory from the practical methods to solve problems (Tall, 1992, p. 3)  

To improve student comprehension in calculus Tall recommends “Active learning by the students, instead of passive reception of lecture material… in an “experience-discovery

approach” He goes on to state that students in his study who were engaged in active learning earned the “same scores as control students in traditional skills, but significantly higher on a questions requiring conceptual understanding.”  (Tall, 1992, pg 8).
The Washington University Calculus Reform Effort (Basson,. Krantz, &Thornton, 2006) has developed course offered to second semester Calculus students, which combines traditional classroom lecture instruction with an accompanying math lab.  The program does not seek a complete departure from the lecture aspect of instruction, but uses the calculus lab to supplement the course.  In this lab, students collect data, enter the data to the computer and perform statistical and mathematical analysis to draw conclusions.   The Washington University course comes in response to the complaint by instructors from various disciplines that students who perform well in calculus course are not able to apply those skills on the context of their courses  (Basson,. Krantz, &Thornton, 2006, p.335)  The study finds that classroom lecture and exercise remains as a fundamental element of math instruction.  The classroom instructor is free to implement the lab applications to the lecture as they see fit making direct connections between topics and applications.  Students’ reaction to the course has been overwhelmingly positive as students acknowledge the practical and conceptual benefits of the lab portion of the course.  

One of their first calculus labs of the course establishes fitting data to a curve  (NYS Staandards A2.R.1) using the Logger-Pro equipment and software.  In this activity, students create using position vs. time graphs and velocity vs. time graphs by walking forward and backward in front of a motion sensor, recording measurements through the Logger-Pro software.  This is an activity used in many physics courses practicing inquiry, described by Arons and Laws among others.  Another lab demonstrates the mathematical behavior of an exponential decay function by measuring the temperature of a cup of hot water as it cools, demonstrating Newton’s Law of Cooling.  This too is a standard topic in both calculus and Intro to Physics courses.
In another example, Dickson College, Carlisle, PA, has developed a two-semester course called Workshop Calculus that serves as a substitute for the traditional one semester course of Calculus 1.  The course targets students who may have difficulty gasping the concepts of Calculus 1 in a traditional lecture setting.  The course is taught through the method of interactive engagement where students are involved in hands-on learning and journaling.  Response and results of the course have been extremely positive.  (Hastings, 2008)

Education research finds that conducting interactive engagement activities in math classes enhances students’ conceptual understanding of mathematics, retention, and the ability to apply their knowledge of math in other settings.  Many institutions are taking the initiative to incorporate science-based activities into calculus courses to enhance conceptual understanding and applicability of mathematics.  The use of Interactive Engagement increases the effectiveness of conceptually difficult courses.  “I see no reason to doubt that enhanced understanding and retention would result from greater use of IE methods in other science and even non science areas.” (Hake, 2007.  p. 2)  
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