Peter D. Murray

Part 2 of Phy 690 Paper.

Developing the concept of the limit through calculating average velocity and acceleration of an object in motion.

The purpose of this paper is to develop one or more interdisciplinary projects that emphasize the strong connection of Calculus to Physics, through an inquiry based application.  The project will demonstrate the use of Calculus in analyzing the mechanics of an object in free-fall in order to anchor abstract Calculus concepts of the derivative and the limit, to a physical observable context.  This is a very common activity conducted in introductory physics courses.
This project is intended for students who have completed, or nearly completed an introductory calculus course, as they will be expected to calculate derivatives as well as present their calculations using appropriate mathematical language and notation.    
The project will be a discovery based learning experience where students will work in teams and present their findings to the larger group.  
Students will derive the mathematical formulas by analyzing data collected on a free falling object.  

Students will employ the use of calculus in their analysis to obtain an accurate model describing the motion of a free falling object.  

Students will be required to present the detailed mathematical derivation of these calculations.  

Students will keep a journal and be required to provide written descriptions of their observations.  

Students will begin by taking measurements using the simple instruments of tape measure and stopwatch.  The hand-collected data will be input to a TI-83+ calculator for analysis.  Later these same measurements will be taken using Vernier motion sensors and analyzed with Logger Pro software. 

Students will pursue the limit of an infinitely small time interval in measuring the instantaneous velocity of their object in motion

Students will then derive from the data the average velocity and acceleration of the object at a particular moment in time, then the function for position, velocity and acceleration of the object

Dropping a Ball

 “How can we measure the precise position and velocity and acceleration of an accelerating object?“ 

“What measurements do you need to take to solve this problem?”

These questions will be posed to the class to lead them to brainstorm ideas involving some method of marking position of the object at various moments in time.

.

Students should be placed in groups of four.  Each group will work through 3 stages of the activity.  Each stage leads to more precise measurement of velocity, demonstrating the idea of taking the limit of a slope function as the time interval approaches zero. Groups will gather raw data on the position of an object undergoing constant acceleration in free fall. 

Stage 1:   
. This activity is designed to put students through the rigor of old-fashioned data collection.  In this activity the data collected will be crude in comparison to the data gathered by a motion sensor in stage 3, which takes more accurate and far greater number of measurements.  

This stage is designed to put students through the rigor of calculating average velocity by hand, calculating the slope of lines.  

Stage 1 has students dropping a ball from increasing heights and recording clock readings at positions along the ball’s path.   

In our (SHS) activity, we will be dropping a rubber ball from a second story balcony overlooking the atrium in the FA wing of SHS.  This could just as well be done in the classroom or on the athletic field bleachers or a stairwell.  

Students will stretch a tape measure vertically along the path of the ball before they begin.  In each group, one student will drop the ball, while the other three record time measurements using stopwatches.  The ball will be allowed to fall increasing distances in each trail.  Students will first drop the ball from a height of one foot above the floor and measure the time it takes for it to land.  

Next, students will drop the ball from a height of 2ft, then 4 ft, 6ft, 10ft (using a step ladder) 16ft, 20ft and finally from 28ft, the height of the atrium balcony.  Students will create a data table like the one shown here:
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Above is a sample of data collected by a group of students.  Figure 1 shows raw data entered into L1 and L2.  In column L1 represents clock readings after the ball was released from rest; L2 represents the position of the ball, where the ground level is designated as position zero (0).

The TI-83+ or newer model is standard instrument in today’s math classroom and students should be well practiced in performing this simple derivation from the graphing calculator.  Students should already be familiar with writing mathematical functions from a given set of data.  

Figure 2 shows the Quadratic Regression equation derived by the machine, including the R2 value representing the accuracy of the equation to modeling the data.  

Figure 3 shows a graph of the data, where time (sec) is plotted along the horizontal axis and position plotted along the vertical axis.  

Students will then calculate average velocity for each trail using the familiar slope formula,  
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 , or in other words, 
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, drawing lines between each pair of data points as shown below to compile a table of average velocities along the ball’s path.

Students will examine points along the parabolic curve of the position vs., time graph to determine that the slope of the line connecting any two points is equal to the average rate of change in the object’s position; or in other words, the average velocity of the object between those two points.  

Some toil should be spent on trying to determine these values without the aid of the Calculus. (APC.6)
(APC.1)  Students will be assigned to articulate written explanations of their derivation of this conclusion.  
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Figure 6 shows (velocity vs. time) the average velocities calculated from the table in Figure 1, where L1 represents the average clock reading on each interval, and L2 represents the average velocity on that interval.


Slopes should be calculated along large intervals such as (0.28) and (1.25,0), as well as between each two consecutive data points.  Students should be asked to reflect in their journals on the values and meaning of each of these slopes in comparison to one another.  

At this point the class should gather for groups to present data and observations.  

It should be concluded that velocity increases as the ball falls greater distance, and that the slope of the line connecting the two data points (x,y) or (time, position) represents the average velocity of the ball during that time interval.  It should be noted that steeper slopes represent higher velocities.
This is an opportunity for the instructor to initiate a discussion on average velocity vs. instantaneous velocity.  It should be concluded that the average velocity calculated in Stage 1 does not accurately represent the velocity of the ball during the entire duration of each time interval.    

Stage 2:

“How can we more accurately measure the velocity of the accelerating ball along its path?”

Students will then be challenged to calculate a more accurate measurement of the ball’s velocity at each moment.  It Students will conclude that increasing the number of measurements taken would increase the accuracy of their velocity calculations at specific moments in time by reducing the duration of each time inteval.  

Groups will then repeat the data gathering process, this time taking time measurements of a ball dropped from 1 ft intervals (as conditions allow) until they have gathered a significantly greater number of data points than in their first trail. 

Students will create a new position vs. time graph and repeat their analysis.  






Groups will then present their new findings to the class as a whole.  It should be recognized that velocities calculated is stage 2 by using the slope formula between data points are still average velocities between two points in time and do not accurately represent the velocity of the object at each moment during that time interval, although an improvement from those calculated in Stage 1.  Students will then conclude that to obtain an even more precise measure, additional data points should be taken.  

It is important that students recognize that increasing the number of time measurements in each trial decreases the time intervals over which we are calculating velocity. 

The act of watching and taking measurements of the ball fall through each of these trials anchors a physical image for students analyzing data relating to these intervals.   

Having students take measurements using the stopwatch, leading to increasing the number of measurements taken, and reducing the duration of time intervals is intended to help develop the concept of the limit in Calculus.  In their stopwatch trails, students gather a discrete number of data points and evaluate average velocities between these points.  In repeating the process a second time using motion sensors, students make the same observations instead with hundreds more data points, filling in the spaces.  This allows them to calculate average velocities on much smaller time intervals, therefore producing the Fundamental Theorem of Calculus for Derivatives, 

APC.2, APC.5
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Stage 3:

Having hypothesized that reducing the duration of time intervals between data points will improve the accuracy of our calculations, students will calculate a function for the derivative of the position to determine the instantaneous velocity of the ball at any point along its path.  Later this same method will be used to calculate the derivative of the velocity function to determine the instantaneous acceleration of the ball at each point along its path.  (APC.7)
Teams will repeat the falling object activity a third time, this time using a motion sensor linked to Logger Pro software to track the motion of a falling object.  The use of the motions sensor is merely to increase the number of data points beyond our ability to measure them ourselves.  The instructor should take this opportunity to explain how the electronic device works by marking an object’s position every x, number of seconds.  

The motion sensor will be placed either on the ground directly beneath the point of release to record the motion of the ball falling vertically until it hits the ground. When linked to a computer running Logger Pro software, a position vs. time graph along with a specified number of data points collected from the motion sensor.  

This electronically produced graph is identical to the graphs students produced by hand in stages 1 and 2, except that it contains far more data points.  Using this software, students can zoom in on a section of the graph and calculate the slope of a line connecting two consecutive data points just as in stages 1 and 2.    

Incorporating the Logger Pro software and technology enhances the accuracy of measurements and should lead to results that are closer to accepted value for the accelerating object students will recognize from writings and texts.    

Acceleration

So far, students have performed a data gathering activity and recorded raw data on the position vs. clock readings of the ball in free-fall; have organized this data in a chart or spreadsheet, graphed these data points on a position vs. time graph; analyzed the graph, determined its shape and written a function to represent its motion.  
Once the velocity of the object has been calculated for a sufficient number of data points, this data will be entered into a second spreadsheet to create a velocity vs. time graph.  





The procedure will be repeated using this new velocity vs. time graph.  Students will analyze points along this linear graph, to determine the slope of the line connecting two points as the rate of change in velocity per unit time.  Attention to scale and units will be of particular importance on these graphs.  [more Arons here]

It is fundamentally important that we establish the slope of a line as a rate of change.  According to Arons (pg??) this will seem obvious for the position vs. time graph, but will be confusing in the velocity vs. time graph.  Students will have little trouble comprehending the rate of change in position, but will have difficulty comprehending the rate of change of a rate of change.  

On the velocity vs. time graph the slope of the line between two data points gives the average rate of change in velocity, or the average acceleration of the ball between those two points. Similarly, this relationship,  
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, leads us to again find smaller and smaller intervals of time in order to determine the instantaneous velocity, and thus, 
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The derivation of the average acceleration slope, leading to the instantaneous acceleration slope will lead students to conclude that acceleration of gravity is constant for all objects close to the Earth’s surface and calculations should reveal a the familiar value of g = 32 ft/sec2.    

NSY Standards

http://teacherweb.com/VA/HeritageHS/MrsLKBrooks/h6.stm
APC.1 The student will define and apply the properties of elementary functions, including algebraic… and graph these functions, using a graphing calculator. Properties of functions will include domains, ranges… zeros, upper and lower bounds, and intervals where the function is increasing or decreasing.

APC.2 The student will define and apply the properties of limits of functions. Limits will be evaluated graphically and algebraically. 

APC.5 The student will investigate derivatives presented in graphic, numerical, and analytic contexts…. The derivative will be defined as the limit of the difference quotient and interpreted as an instantaneous rate change.

APC.6 The student will investigate the derivative at a point on a curve. This  will include 


a) finding the slope of a curve at a point;


b) using local linear approximation to find the slope of a tangent line to a curve at the point; 


c) defining instantaneous rate of change as the limit of average rate of  change; and 


d) approximating rate of change from graphs and tables of values.

 APC.7 The student will analyze the derivative of a function as a function in itself. This will include


a) comparing corresponding characteristics of the graphs of f, f ', and f ";

b) defining the relationship between the increasing and decreasing behavior  of f and the sign of f 


c) translating verbal descriptions into equations involving derivatives and  vice versa;


d) analyzing the geometric consequences of the Mean Value Theorem;


e) defining the relationship between the concavity of f and the sign of f "; 


 Discussed as the acceleration function.  

APC.8 The student will apply the derivative to solve problems. 

This will include

c) modeling of rates of change


e) interpretation of the derivative as a rate of change in applied contexts, including velocity, speed, and acceleration;

NYS Algebra II & Trigonometry

http://www.emsc.nysed.gov/3-8/MathCore.pdf
A2.R.1 Use physical objects, diagrams, charts, tables, graphs, symbols,

equations, or objects created using technology as representations of mathematical concepts
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