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Abstract

It is unsurprising that many of our high school students have difficulty grasping concepts
involving exponential§Weber, 2002 Onemainreason for this is that students enter our
classrooms with their own ideas about the way things grow and decay from what they have see
in their own life experienceStudents need to build their own understanding of new concepts
(Alagic and Palenz, 2006). Not only are exponential functions essential to mathematics they are
also embedded in the sciences and provide a model for repmgsgnuwth and decay in real
world phenomena (Strom, 2006). Héescribe several possible classroom experiences that
can help students discover exponential functions and then connect them to some important topics
in the realm of physicsl also take a in-depth look at compound interestaasexample ok;
which is the essential link tmovefrom understanding discrete exponential functions in our
classroom examples to grasping the continuous exponential functions that are explored in

physics.
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Developng an Intuitive Grasp of Exponential Functions from Real World Examples
Introduction

Albert A. Bartlett(1976)statedi The gr eatest shortcoming of
inability to understand Itislimsurpesngthbanmanghighal f unct
school students haweriousdifficulty grasping concepts involving exponenti@f§eber, 200p
One mairreason for this is that students erterclassroom with their owaxtensive naive
observations andleas about the way things grow and geitam their own life experience
Studentsee the way they themselves develop, or plants and animals around them grow, or
watch the way a candle shrinks as it burns and they formulate ideas about how gcbuebagn
happen Unfortunatelymost of whastudentsee is not exponéal but lineargrowthand decay
instead The concept of linear growth is then reinforedchools students studynear
relationshipsas a central theme in algebr@udents havenanyreal life andclassroom
experiencesvith lineargrowthand because of thjsnany studentstill revert back tdinear
representations when they first start to deal with exponential growth (Alagic & Palenz, 2006)

It is extremely difficult to changdeepseatedstudentoeliefs Sudentscannot simply be
taught a formula or shown a graph dealing with exponential gramdidecaynd be expected to
understandhow it works Rather studentsieed to build their own understanding of new
concepts (Alagic and Palenz, 200€onventional lessornsn functionsuse a correspondence
approach thabegirs by establising a rule that connectsvalues ang-values, usuallyn the
form an equation.However,research shows it is often more powerful to usewariational
approach, where students firstnkao fill in the table ofx-values ang-values by an operation
theycreate using the context of a real life problem (Confrey and Smith, 1984} real life

experiences in classroaim which ourstudentan exploreexponentiafunctions,select
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representationsind makeconnections, can make their learning more meanir{Gitdeno &Hall,
1997) The Nation Council of Teachers of Mathematuesiciples and Standardsas
recognized and emphasized the importance of function development using reakaorides
as well (NCTM, 2000). Not only are exponential functions essentiiaimathematicsthey are
also embedded in the sciences and provide a model for representing growth and eatay in
world phenomena (Strom, 200&Herel describe several pos$#hclassroom experiences that
can help students discover exponential functions and then connect them to some important topics
in the realm of physicsl also take an wilepth look at compound interest as a physical example
of e; which is the essential lkito movefrom understanding discrete exponential functions in our
classroom examples to grasping the continuous exponential functions that are explored in
physics.
Classroom Examples &xponential Growth Chessboards and Rice, Paper Folding
Whenintroducingthe topic of exponential growtnsimple approacis best by
restrictingarithmetic to the familiar: multiplication, dision, addition, and subtraction
(Goldberg& Shuman,1984 p.344). With this in mind,one of this simplest ways to think of
exponential growth is something that has a constant doubling petigg.od introduction tdhe
ideaof a doubling period and the power of exponenigtslesson on théamousstoryo f A T h e
Kingbs Ches s188§.aHere @ mah quesesha,rewat, to have one grain of rice
for the first square and then asks the king to double it for each of the squares on the chessboard.

A short version of this story can be found online at

http://www.cs.berkeley.edu/~vazirani/algorithms/chap8(pdfagraph 4).
Have students think independently abih strange requeahdwhiteboardpredictions

about how much rice they think it would bAsk students whether they think the man would be


http://www.cs.berkeley.edu/~vazirani/algorithms/chap8.pdf
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better off taking 10,000 grains of rice per day, or some other linear relationst@adAlagic

& Palenz, 2006, p.644)Thenhavestudents t art t o act onwtoups dittreema n 6 s
or fourhavingonestudent in each group recdfte datan a spreadsheéfigure 1). The
spreadsheetllowsstudents t@xplore the data quickly and $ee a graphical representation of
thegrains ofrice (figure 2 (Alagic & Palenz, 2006, p.643)t is essentialhatstudents think

hard about findingnequaion that relates the number of grains of tic¢he number of the
squareandthe spreadsheatlowsstudentso compare theiequationgo their resultgDoerr,

2000. The repeated action of doubling creates the basis for students to discover thaequati
(Confrey & Smith, 1995) Making a four by four grid of the chessboardhépful since it is

impossible to complete this tafigure 3) For more details on thesxamplesee Lessn Plan If

Exponential GrowthHttp://physicsed.buffalostate.edu/pubs/PHY690/RheamExponentia)2008/

# Total _
Square| Grains | Exponents | Rice Rice on a Chessboard
1 1(270 1 35000
2 21 2M 3 30000 *
3 4| 272 7 S 25000
4 8| 2r3 15 5 20000
5|  16|274 31 g 15000 .
6 32| 275 63 © 5000 ”
7 64 | 276 127 0 eereiaoast
8 128 | 277 255 0 5 10 15 20
9 256 | 28 511 Square
10 512|279 1,023
11| 1,024| 2”10 2,047 Figure 2: Graph of rice on a chessboard
12| 2,048| 2*11 4,095
13| 4, 096| 212 8,191
14| 8,192| 2”13 16,383
15| 16,384| 2"14 32,767
16| 32,768| 2715 65,535

Figure 1:Tableof rice on a chessboard


http://physicsed.buffalostate.edu/pubs/PHY690/RheamExponential2008/
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Figure 3:Four by four gridwith grains of rice

Once the students have finished the tagkbeneficial to have them reflect back on what
they have just done Hinally responding tkey questions such as: Compare the number of
grains of rice on the fBsquare tdhow much rice had been wben the previous 15 squares?
When did you know you were going to run out of ric&hat do you think would happen if your
graph continued™ow much rice would be used on thé3gquare? How about thestsquare?
How many sqares do you have to move to quadruple the number ofreses How many
squares do you have to moveh@ve ten times as much rice?

Using thisone activity, students have gained knowledge about exponential growth
through multiple representatianheycounted the rice grains andtpliem on the gridwrote
thenumberson the spreadsheet, discovetied equation that links the grains of rice to the square
that they are on, andsualizedit in a graphical representatioithis also provides a conceet
example that studentsin relate back to when they experience exponential growth in other areas.

Another example ofvhere students can st power of multiplying by twaan befrom
simply folding apiece of paper in halBartlett, 1976p.394). As gudents entethe classroom

hand eah of them a sheet of paper dm/e them predict how many times they could fbin
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half. Once the students have made their predictions have them carry tagkthdost students
will be able to fold a standard sheé paper 6 timegsee figure % It is important tahelpthe

studentsconclude thathethickness of th@aper will experienceix doublings.

Figure 4 Folded Paper
There are several importafaicetsof exponential growth thatan be brought odtom
this activity. One is the suddenness of
everything seemed to be going fine. Then, suddenly, wiganent from fold five to fold six

the game was suddenlyhttp://jzimba.blogspot.com/2007/05/understandaxponential

growth.htm| para. 15).This is an amazing aspect of exponential growth that is never seen in

linear growth. Recall the question fromle grains of rice activity thatasimportant to als
AWhen ditd cyeow oruo were going to run out of
t h e y dhelast a mext to last squar@arallels to exponentially changing environmental

situations are particularly noteworthplbert Bartlett discusses a few intetiag examples of

this apparentlysudderexplosivegrowth dealing with bacteria in a bottle and algae on a lake in

his famous talk on exponential growth which can be seemom.youtube.conby searching
AThe MmtantVidesmYou Will Ever Seeor at

http://dandelionsalad.wordpress.com/2007/12/23tlestimportantvideo-youll-eversee

exXpo

ri ce


http://www.youtube.com/
http://dandelionsalad.wordpress.com/2007/12/23/the-most-important-video-youll-ever-see-videos-parts-1-4/
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videospars-1-4/ andhttp://dandelionsalad.wordpress.com/2007/12/23tlostimportant

videoyou%E2%80%99%keverseevideosparts5-8/. Thesecond aspect is how astronomical the

thickness of the paperould get if you were able to keep on folding the papéich can be seen

in detail athttp://raju.varghese.org/articles/pexg2.html The area of the paper after each fold

can alsde used to demonstrate exponential decay.
Classroom Examples &xponentiaDecay Basketball and Dice

When moving a to the topic of exponential decay it is important to approach it sigilar
to the way we taughexponential growth. Just as exponential growth is something that has a
constant doubling period, exponential decay is something that has a constant halving period.
One way to illustratéhis is to look at a bracket for tiNCAA baskéeball tournament and show
students that in each round half of the teane®liminated; this means that each roundld be
analogous t@ haltlife (figure 5. Once the idea that the time it takes for something to be cut in
half is a hallife, which mos students grasp fairly quickly, there are several activities that you
can do tdhelp students experience thi@neexample of exponential decay is to drop a
basketball and record the height, which decreases exponentially with each bounce (Sriraman &

Strzelecki, 2004, p.30)

Round1l Round?2 Round3 Round4

Figure 5:NCAA Bracket


http://dandelionsalad.wordpress.com/2007/12/23/the-most-important-video-you%E2%80%99ll-ever-see-videos-parts-5-8/
http://dandelionsalad.wordpress.com/2007/12/23/the-most-important-video-you%E2%80%99ll-ever-see-videos-parts-5-8/
http://raju.varghese.org/articles/powers2.html
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Anotherexperience in the classroom tlecan leacsmoothly into the topic of
exponentiadecayis to doa simpleactivity with dice. Have stidentsbreak up into groups of
about three or fouasind give each group 64 dice (this number can obviously vary) and a container
with a lid to shake the dice (that is big enough for all the dice to be spread out). Have the
students shake the container dmeh take out all of the dice that have odd numbers and count
the dice that are left. In this exampgach timestudentopen the container and count the dice
left, it shouldbe onehalf-life. Have students repeat this process until all the dice haayee
or until they have repeated the process 10 times. Then have students graph their resalts using
spreadshedthe number of rolls should be on th@xis and the dickeft should be on the-y
axis). Not only does it give the students a good backgiaef what a haHife is, but it also
allows them to see that radioactive decay really deals with the probability that any given atom
will decay. You can also demonstrate this curve for your class afterwatdswo strips of

paper(figure 6)(Palcig 2006).

Figure 6:Paper curve

There are several variations of thisactivittse i ng coi ns or M&Mds, al t

to get eatepwhich can be unsanitaryOne advantage of using dice is that after the students have
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gonethrough this activity with havimthe odd numbers decay you can change the activity and

have different groupgsedifferentrates of decay For ingance, one group may have only tlgee

decay or another group may have fives and sieesly. You can also use 20 sided dice for even
slowerdecays.This can makes things mockallengingfor the students because now each time

they openthe containatd o e s n 6t necess ar ilife.ySnce students withliee t o o
getting different results it casisolead into a discussion at tead of the period where each

group shares what they have learn€he concept that is critical to bring out in this type of

discussion is the fact that the number of dice that decay is proportional to the number of dice that
were in the samplgust likethe numbeof rice depended on how mange were on the

previous squale In other words, as the number of total dice decreased so did the number of dice

that decayed-or more details on this example see Lesson PilaBxponential Decay

(http://physicsed.buffalostate.edu/pubs/PHY690/RheamExponentia)2@08feat way to
continue to study radioactive decay involves activities from Vernier
(http://www.vernier.com/physsgi) where students use the computer to collect data from real
radioactive sources and actually see the curve form in front of them (Palcic, 2006).
Anotherarea of physics that deals wiRkponential decaig the discharging ofapacitos
in dealingwithacuits. Let 6s consi der specifically the dis:
charged up to nine volts and connected to a one ohm redisamy students imagine that a
capacitor would charge amlischarge at a constant ratdowever, the current @s down as the
vol tage goes down. AThis means it discharges
the capacitor voltage reaches six vatgre will only be six amps;lwen it 6s t hree vol
current is threamps ohttp//www.coilgun.info/tleory/capacitorcharging.htrpara. .

Consequentlythe capacitor is discharging exponentially.


http://physicsed.buffalostate.edu/pubs/PHY690/RheamExponential2008/
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Conceptualizing via compoundnterest

An essentiatomponento understanding exponential growth and decay is the comstant
However, to simply say tha&is a constant that is approximately 2.718 used in exponential
growth and decay would be sidestepping one of the cornersitbargonential functions. For
instance, many studerttgatenterthemath classroom know thatis a number that is
approximagly 3.14and even know the formulas for circundace and area of a circleut when
they are questionesk to what means or what the formulas me#irey have no intuitive grasp
of how pi relates taircles Althoughe seemsa bit more mysterious than | believe that it
needs to be approached in a similar mankée.haveto conceptualize in away that will help
students gain an intuitive graspwhateis and what it means.

Many of the classroom examples that have been disguss#das rice oa chessboard,
rolling dice, and folding paper hadscretetime variables; however, many physiesamples
involving exponentiablecayhavecontinuoudime intervals. Thessential linko get students
from understandinthesediscrete exponential funcinsto graspingcontinuous exponential
functionsis giving them insight into whatis.

Since personal finance is an important issue for most students, especially as they move on
to college and being in charge of their own finanoas of the easieglacesto startexamining
eis by looking at money and how it groWSaux & Hearn, 2004, p.488)

Let 6 s s awaniniiahdeposit®f one tar into afictional bank account that
doubles our money each yearaking no further deposits. Sianly to what we discovered with
the rice on thequares of a chessboard, after gear ourdollar would turninto two, then our

two dollars wouldyrow into four and so or{figure 7). Writing this in a formia we could say
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that ourtotal money= 2", wheren is the number ofrowth periods Sothe bank takes our
money and addsnother dollaor 100percento it giving us a new formula;
total money= (1 + 100%} (http://betterexplained.com/articlestanuitive-guideto-exponential

functionse)).

Amount

of Money Q
0 1

Time (in years)

Figure 7: Interestompoundedearly for one year

Amount
of Money

0 6 12
Time (in months)

[
»

Figure 8 Interestcompoundedemiannually for one year
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In the real worldhoweverthe bank is actually giving us interest throughout the year not
instantlyon the last day of thgear. This meansve couldcompound interest more oft@énto
two six month ntervals where we would gain 56entsin each of the two time period8ut,
because¢he bank gaves interesafter the first six monthshe 50 centsvould alsogainanother
guarter ininterest for the second smonths(figure8). Thisii nt er e s tiscalled i nt er est

10

compound interestOur formulawould now be growth= (1+ )? because there are two

half-periods each with 50 percamtowth This would give u$2.25 which is actuallypnorethan

doubling our moneyibid).

A

Amount
of Money

—D
»

0 4 8 12
Time (in months)

Figure 9 Interest compounded triannually for one year

In therealworld thebank is giving us money all throughout the year, not just every six
months. Figure 9shows us what would happen if it was broken thtee interest periods. Our

100%

new formula would béotal money= (1+ )® because there are three g@higd-periods each

with 33% percent growthnd we would have a total of $2.330 in general we could say that



total money=

increase the number woiterestperiods here is whatould happen

Figure 10:Graph of DO splitting periods

# of Splitting Total
Periods Money
1 2
2 2.25
3 2.37
5 2.488
10 2.5947
100 2.7048
1,000 2.7169
10,000 2.71814
100,000 2.718268
1,000,000 2.7182804
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, Wheren is the number oihterestperiods(ibid). If we continued to

Figure 11:Chart of a million splitting periods

Noticethegraphhas100interestperiods and the chantas1,000,000nterestperiodsyet

both convergéo the same limit2.718 otherwise known &s Soeis irrational as goes to

infinity; e=lim(1+1/n)". This meansf we invested one dolland itwascompounded

continuously at 100 percent for opearwe would have $2.72vhich isour starting amount of

money times (ibid). If we had a different percentage, in genenad could say that our

Total money= Initial x €3¢ %" This formuladoes not just apply to financial growthrin be

appliedto anycontinuous exponential growtr decay(wherethe rate would be negatineThis

principle allows us to take our concrete examples of rice, rolling dice, and folding paper and

move into our physgexamples of radioactive decay and capacitor diseharg

Conclusion

Understanding exponential functions is crucialdomprehendingeveal key topics in

physics, and students cannot gain this knowledge through formulas and graphsratoder

for students tdhaveanintuitive grasp of exponential funohs they need explore it for



